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I Abstract 

D , 
,^ . In this paper we give a general introduction to supersymmetric spin networks. 



Its construction has a direct interpretation in context of the representation theory 
of the superalgebra. In particular we analyze a special kind of spin networks with 
superalgebra Osp{l\2n). It turns out that the set of corresponding spin network states 
forms an orthogonal basis of the Hilbert space C'^{A/Q), and this argument holds even 
in the q-deformed case. The Osp{n\2) spin networks are also discussed briefly. We 
expect they could provide useful techniques to quantum supergravity and gauge field 
theories from the point of non-perturbative view. 

1 Introduction 

The notion of spin networks originally was advocated by Roger Penrose in 1970s when he 
tried to give a quantum mechanical description of the geometry of space[n]. In his opinion, 
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the final version of quantum geometry should be a combinatorial theory in which we con- 
sider the different combinations and permutations of objects such that we could derive the 
discrete spectra of observables in the quantum mechanical level. After that the idea of spin 
networks was introduced to many areas, including lattice gauge theory [0] and topological 
field theory 1^. In the middle of 1990s, the spin networks was introduced in loop quantum 
gravity in a quite different way0, |[. It was exploited to construct the Hilbert space of 
kinematical quantum states and consequently the discrete spectra of the area and volume of 
the space were obtained^. Later the dynamics of the spin networks were also considered 
and its evolution gives rise to casual set of spin networks0 or spin foamsf^. 

It's evident to see the importance of spin networks if we list some basic features it 
contains. First spin networks is a very general notion in quantum field theory in which 
gauge fields involve. In particular they are gauge invariant objects, in the sense that the 
corresponding spin network states will be solutions to the Gauss constraint naturally if we 
take the standard Dirac procedures to quantize the theory. As a result, it would be much 
easier to find the physically related subspace in Hilbert space. In path integral formulation, 
we can consider the functional integration on the modular space since a well-defined measure 
theory can be established in context of spin networks. In loop quantum gravity, they are 
background independent and non-perturbative objects as well. 

Until now we mainly focus on SU{2) spin networks since it has important application 
to quantum general relativity^, §] Q. However, in principle we could construct the spin 
networks associated to other groups or supergroups. More importantly we have a belief that 
they could be applied to quantum supergravity and gauge theories as well. Based on this 



motivation, the supersymmetric spin networks firstly was introduced in [10| and then was 



developed in ||TT|. In [|l3]by virtue of supersymmetric spin networks, we carry out a non- 
perturbative quantization of simple supergravity, in particular we find the spectrum of area 
operator taking a discrete form. 



A\^^,e.,V,)=J:dJ^iJ^ + l)r',e,,V,), {1] 



where Ip is the Planck length and ji = y- 

^ We also notice that spin networks with other Lie groups have also been discussed in some places H. 



In this paper we develop the construction of supersymmetric spin networks. After giving 
an overview on some general features of spin networks in section two, we study a special kind 
of super spin networks which has superalgebras Osp{l\2n) in the consequent section, and 
Osp{N\2) spin networks is also discussed briefly in section four. In section five we discuss 
some possible applications of super spin networks. 

2 An overview 

Spin network is a graph, r(ej,fj), embedded in a three dimensional manifold M, which is 
composed of edges (or links) and vertices (either nodes or joints). To each edge, we assign 
the color, Cj, which is related to the labels of the irreducible representation of groups, and 
to each vertex, we assign an intertwiner operator, Vj, which maps the incoming irreducible 
representations to the outcoming ones at the vertex.^] 

The construction of spin networks has a direct interpretation in representation theory of 
groups. In spin networks, each edge e labeled by the representation could be understood as 
a parallel propagator or holonomy of the connection A, Ue{A), along the edge in connection 
representation. In matrix notation of group theory, it also corresponds to the higher dimen- 
sional irreducible representation of the group element. In SU{2) spin networks, we also think 
of the edge as the combination of many ropes, each of which corresponds to the fundamental 
presentation of the group. Therefore the reason that each edge can be decomposed into 
many ropes stems from the fact that every higher dimensional irreducible representation of 
the group can be obtained by employing the symmetrization or anti-symmetrization proce- 
dures from the fundamental representations. It is this fact that we can decompose the spin 
network into multi-loop graphs by permuting and connecting all the ropes to form loops, 
and finally we are able to establish the transformation between spin network states and loop 
states in the corresponding Hilbert space. 

Intertwiner operators associated with every vertex in spin network can be understood 

as the different ways that we could carry out to connect the ropes when edges meet at 

the same vertex. Correspondingly, in the language of representation theory of groups, it 

^we adopt the convention that the vertex will be called k-valent one if there are k edges meeting at this 
vertex. 



corresponds to the fact that tensor products of several irreducible representations can be 
completely decomposed into the direct sum of the irreducible representations. In hence they 
are invariant tensors in irreducible representations of groups and given by standard Clebsch- 
Gordan {CG) theory. In the case of SU{2) spin networks, when the vertex is a tri-valent one, 
the decomposition of the tensor product is unique. If the edges are more than three, we then 
can divide the multi-valent vertex into the tri-valent vertices by making use of the intertwiner 
operator. At the same time, restricted by the expansion of Clebsch-Gordan series, the colors 
associated with edges which meet at the same vertex must satisfy some conditions consistent 
with these CG series. We call them admissible conditions. For instance, consider three 
valences with colors (a, b, c) meet at the same vertex in ordinary SU{2) spin networks, then 
they have to satisfy the triangle inequality and the sum of them has to be even numbers, 
however, in the case of Osp{l\2) then the sum can be any positive integer. 

Associated with each spin network, we can obtain one number by taking the trace of 
corresponding matrix product of the propagators along edges in representation space, which 
is called the evaluation of spin networks. It has very important applications to quantum 
gravity. In particular when we consider the action of operators such as area and volume 
observables on the spin network states, it provides us a practical way to work out the spectra 
of these observables. In cases of SU{2) and Osp{l\2), the evaluations of spin networks, in 
particular the theta graphs, are discussed respectively in [|r^, |r^, where 6j symbols and 
recoupling theories play important roles. 

Based on the spin network r(ej, Vj), we can define a spin network state, ^f^{A), by means 
of the cylindrical function with the form 

^f,iA):=friU,M),-.UeAA)), (2) 

where cylindrical function /r refers to taking the holonomy along each edge and then con- 
tracting the holonomy matrix with the intertwiners at each vertex where edges meet. Spin 
network states have more advantages than loop states since they are linear independent and 
do form a basis of the Hilbert space, rather than loop states the space of which is over 
completed and contains some identities. To show the spin network states form a basis in the 
Hilbert space. We need solve two key problems. One is the definition of inner product of 
the spin network state, consequently we can show any two different spin network states are 



orthogonal and linear independent; the other one is the completeness of the spin network 
states, namely any state in Hilbert space can be expressed in terms of spin network states. 
In the case of SU{2), these two problems are solved successfully mainly by virtue of the Haar 
measure and Peter- Weyl theorem in group theory respectively 0, ^, Q. As a result, SU{2) 
spin networks plays a key role to form a linear independent basis of the Hilbert space in loop 
quantum gravity. 

When we try to extend the notion of spin networks to the supersymmetric case, we 
need construct the graphs and find the rules which must be completely consistent with the 
representation theory of superalgebras. Following constructions of SU{2) and Osp{l\2) spin 
networks 0, |10| which has been recalled above, let us list some basic procedures that we have 
to take into account in this paper. 

• The definition of supersymmetric spin networks. At the first sight, it's simple to 
define the supersymmetric spin networks, we only need to change the representations 
associated to edges to the corresponding representations of the supergroups and label 
the vertex by intertwiner operator appropriately. But after that, to make the spin 
network well defined, we need to consider the following related questions. 

• What's the admissible conditions associated with the trivalent vertex? Or equivalently, 
can any tensor product of the irreducible representations be decomposed into the direct 
sum of the irreducible representations? Due to the features of superalgebras their own, 
we will face some troubles at once, because unlike the Lie algebra, the tensor products 
of many kinds superalgebras are not completely reducible into the irreducible ones. We 



could see this trouble elsewhere when we construct the Osp{2\2) spin networks. [TT 



Could we find a way to evaluate the graphs such that we could consider the action of 
the operators on the corresponding spin network states and then calculate the spectra 
of the operators? More explicitly, can every edge be decomposed into ropes, as we do 
in the case of SU{2)1 Namely, can any irreducible representation of the supergroups be 
constructed from the fundamental representation? We will also see only some special 
sorts of superalgebras have such features. Furthermore, is it possible to carry out a 
graphic representation of computing the enclosure of edges? 



• Does the set of the corresponding spin network states form a basis for the Hilbert 
space? To show this, first we need show that any different spin network states are 
orthogonal and hnear independent, second any states in the space can be decomposed 
into the sum of the spin network states. 

To answer these questions, in this paper we extend the strategy in SU{2) spin net- 
works to a special kind of supersymmetric spin network which is equipped with superalgebra 
Osp{l\2n). The analysis of this special one will lead to some general comments on the 
construction of supersymmetric spin networks with other superalgbras. 

But before we do that, let us recall some basic facts related to superalgebras in the last 
part of this section. Superalgebras and supergroups were proposed in physics to construct 
the supersymmetric model in which bosons and fermions are placed in the same supermul- 
tiplet and they could change into each other under the supersymmetric transformation. In 
fact, every superalgebra or graded algebra contains two kinds of generators. One is even 
which is the bosonic part and the other is odd corresponding to fermionic part. Contrasting 
to the ordinary algebras, the even generators of the superalgebra are associated with the 
commuting parameters while the odd ones are associated with the anti-commuting param- 
eters. A special kind of superalgebra is classical simple Lie superalgebra, whose odd part is 
completely reducible into one or two irreducible subspace. Its classification and representa- 
tion is given in the fundamental paper by Kac[|l3l. Furthermore, if classical superalgebras 
admit a nondegenerate metric tensor, it's called basic superalgebras, which is the closest one 
to simple Lie algebra. All irreducible representations of basic superalgebras are obtainable 
from a highest weight and the Schur lemma holds under the usual way. However, unlike 
the ordinary Lie algebras, normally superalgebras have two kinds of representations. One is 
typical, and the other one is atypical. The typical representations are irreducible and more 
like the ordinary representations of the Lie algebra, however the atypical ones are in many 
respects degenerate. In particular the atypical representations maybe are not completely 
reducible, for example if they occur as the semidirect sums of several irreducible atypical 
representations. 

Many kinds of Lie superalgebras do not have properties similar to those of Lie algebras. 
For example, the complete reducibility is not valid to all the simple Lie superalgebra any 



more, even to basic ones. Finite reducible but indecomposable representations may appear if 
we consider the tensor products of irreducible representations. However, the representations 
of Osp{l\2n) have all the nice properties of those of semisimple Lie algebras. For example, its 
all reducible representations are fully reducible and therefore a generalized Wigner-Eckhart 
theorem holds. 

The Lie supergroups are obtained by exponentiating Lie superalgebras. Particularly for 
supergroups SU{N\M) and Osp{N\2M), it's known that all the representations constructible 
can be obtained from the direct product of fundamental representations. 

3 Osp{l\2n) spin networks 
3.1 Definition 

First let us concentrate on a special kind of spin networks with superalgebra Osp{l\2n) = 
B{0, n)^^, which is a subset of the orthosympletic Lie superalgebras Osp{M\2n) Q. Its even 
part is 0(1) (^i Sp{2n) and the Dynkin diagram is shown in Fig.(0). The finite dimensional 



a, fl. 



Figure 1: Dynkin diagram of Osp(l|2 



irreducible representation is characterized by its highest weight A = (ai, 02, ■■■CLn) which takes 
the form 

A = aiuji + a2UJ2 + ■■■anUJn, (3) 

where u!i{i = l...n) is the fundamental weight and the coordinate ai{i = l...n) has to be non- 
negative integer. The Sp{2n) representation containing in the representation can be read 
out from the diagram directly by replacing the odd root a„ by 6„ = |an. Correspondingly, 
we assign the edge in Osp{l\2n) spin networks is labeled by Cj which is defined as a partition 

•^The classification of superalgebra was established in ||l^. There are three kinds of orthosympletic 
algebras Osp{M\2n): B{m,n) = Osp{2m + l\2n); C{n) = Osp{2\2n - 2),{n > 2) and D{m,n) = 
Osp{2m\2n), {m, n > 2). 



of (oi, ..., Qn)- In the language of spin networks we also call the weight coordinates colors of 
the edge. In the simplest case of n = 1, we see the representation of superalgebra is labeled 
by only one integer ei = 2ji, and the corresponding spin networks is discussed in detail in 



3.2 Elements: edges and vertices 

As we mentioned above, in general there are two kinds of representations of the superalge- 
bra. One is typical, and the other one is atypical. However, superalgebra Osp{l\2n) has a 
remarkable feature. It has only typical representation. The fundamental representation is 
labeled by weight coordinates (1, 0, ..., 0), and the basis vector of the representation is 2n + 1 
dimensional and contains one boson and 2n fermions. 



ia 



V'A 



(4) 



where ipA is the fermionic part of the representation and A = (1, ..., 2n) is the spinor index of 
Sp{2n), while 0o is the bosonic part which is only one dimensional. Then the unit element in 
the fundamental representation can be illustrated as fig.(|^), in which we denote the Sp{2n) 
element by the thin line and the single bosonic part by the dotted line. 
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Figure 2: Composition of unit element with color (1,0..., 0). 



The higher finite dimensional representations of the superalgebra can be obtained by 
symmetrizing and anti-sjTiimetrizing the fundamental representations |jl6|. Note that in the 
simplest case of n = 1, we only need take the symmetrization procedures since the anti- 
symmetrization of two spinor indices will be identical to the trivial representation. In context 
of Young tableaus, we have only one row of boxes. However, for n > 2, we need take 



both symmetrization and anti-symmetrization procedures to obtain all the finite dimensional 
irreducible representations. For instance, we consider the tensor products of two fundamental 
representations, we can symmetrize two basis vectors which is defined as,0 



^{al3) - C^/3 



Also we can antisymmetrize them as 



^{af3) - C^/3 



)<?(a)-9(/3)^1^2_ 






(5) 



(6) 



where g{a) is the grade of the index. For fermionic indices, it's one and for bosonic it's zero. 
If we denote the symmetrization by square box in the graph, and antisymmetrization by 
a circle labeled by the number of ropes under consideration, then the unit elements of the 
supergroup under these representations are illustrated in Fig.(B|). 
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Figure 3: Sjniimetrization and anti-symmetrization of fundamental representation 

Their weight coordinates are (2, 0, ...0) and (0, 1, 0, ..., 0) respectively. We also call the unit 
element symmetrizer in which ropes are symmetrized and antisymmetrizer in which ropes 
are antisymmetrized. Unlike the symmetrization. We can derive the following properties of 
the antisymmetrization in graphic representations, see fig.(|D, fig. (||) and fig. (H). 

These properties are easily proved by using the definition of symmetrizers and antisym- 
metrizers shown in (^. For instance in fig.(^, when two lines are both symmetrized and 

''Strictly speaking, unlike the superalgebra SU{N\M), the symmetrized basis C(a/3) need to shift a lit- 
tle bit by the condition Gap£,(afi) — OPSl, where Gap is the invariant bilinear form taking the form 
1 \ 
/n ■ However this shift will not affect our construction of the unit element of the super- 

-/„ y 

groups. We just ignore this shift in this paper. 
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Figure 4: Property I 
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Figure 5: Property II 

antisymmetrized at the same time, then obviously they vanishes. Also when one graph in- 
volves both boxes and circles, we find the order is also important now. For instance, the 
graphs shown in fig.(0) are not equivalent. 

Continuously taking the antisymmetrization procedures on fundamental representations, 
we will find it has to be terminated as far as more than 2n fundamental representations 
involve since antisymmetrizing the same index vanishes. To simplify the notation, we only 
show one line but label the number of ropes which are anti-sjTiimetrized in the circle. We 
draw it as fig.(^. 

To construct the graphical representation for any highest weight irreducible representa- 
tion, we need make use of the Young supertableaux. For Osp{l\2n), the construction of 
Young supertableaux is simple since it has the same shape as the usual Young tableaus of 
Sp{2n) representation (ai, 02, ..., a„_i, |a„). The Young tableau associated to Sp{2n) repre- 
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Figure 6: Property III 
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Figure 7: Two distinguished graphs with different orders of box and circle 

sentation (ai, 02, ..., dn-i, l^n) is defined as a graph with Aj boxes in the ith row where A, is 
related to the Dynkin labels by, 

1 



Aj = Oj + A 



j+i) 



A. 



:a„.. 



(7) 



which satisfies Ai > A2 > ... > A„ > 0. 

Replacing each box in Young supertableaux by a vertical straight rope and putting them 
in parallel from left to right, then we define a decomposition of the edge by symmetrizing 
or antisymmetrize them corresponding to their positions in Young supertableaux. As a 
result, if an irreducible representation is obtained by taking both symmetrization and anti- 
symmetrization procedures, we find there are several inequivalent graphic representations. 
For example, the representation (1, 1, 0, 0, ..., 0) could be realized by graphs illustrated in 

fig- (I). 

In conclusion we find the edge in spin networks can be decomposed into some components 
which are the combination of some symmetrized or antisymmetrized ropes. An example of 



11 



© <v 



O^r 



Figure 8: All the non-vanishing antisymmetrizers in Osp{l\2n) spin networks 
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Figure 9: The graphic representation of (1, 1, 0, ..., 0) 



the decomposition is shown in Fig.(|ToD. 

Next we consider the vertex and intertwiners in spin networks. In context of represen- 
tation theory, it's equivalent to concern the tensor product of irreducible representations. 
we note that the only Lie superalgebras for which all finite dimensional representations are 
completely reducible are the direct products of Osp{l\2n) superalgebras and semi-simple 
Lie algebras (Djokovic-Hochschild theorem||17||). In context of spin networks, we will have 
no trouble to connect the edges together at the same vertex, we only need to find out the 
appropriate admissible conditions and label the vertex by the correct intertwiners, which 
corresponds to finding the Clebsch-Gordan series for the tensor products of the irreducible 
representations. To be able to do that, the possible way is to decompose the edge into 
the direct sum of ones in ordinary Sp{2n) spin networks since the tensor product of two 
Sp{2n) representations are discussed and the CG coefficients are computable |jl8|. Next let 
us go back to consider the decomposition of super edges into the ordinary Sp{2n) edges. In 
the case that only symmetrizations involve, the edge will decomposed into two components. 
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Figure 10: The rope components of general edges 



which is illustrated in fig. (11 
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Figure 11: The rope components of general edges 

However, if both symmetrization and anti-symmetrizations are involved, then we would 
find the terms will be more than two, and the specific calculation is possible to carry out. 
Normally we have the following strategy to obtain all the terms in ordinary Sp{2n) spin 
networks. The first term in Sp{2n) spin networks has the same shape as the super one, then 
we divide the ropes into symmetrized groups in which each rope is symmetrized with one 
another, then pick out at most one rope from each symmetrized group in turn and replace 
them by the dotted lines such that will get all the graphs in terms of the ordinary Sp{2n) 
spin networks. Finally we still need kick out any graph which contains at least two dotted 
but antisymmetrized lines since it vanishes. Among all the graphs remaining, we also have 
to identify some equivalent graphs and maybe it's a little complicated work. However, in 
context of Young supertableaux, the procedure is simple. We find the supertableaux of 
Osp{l\2n) can be decompsed into the direct sum of ordinary tableaux by removing at most 
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one box from each row. So maybe another practical way is to do the decomposition in 
context of Young tableaux and then transform the Young diagram into edges of the spin 
networks. For example, the super one (1, 1, 0, ..., 0) can be decomposed into four Sp{2n) 
terms as shown in fig.(|T^). 
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Figure 12: Decomposition of super spin network into ordinary Sp{2n) ones 

Then the tensor product of two edges in super spin networks will correspondingly be 
decomposed to direct sum of the tensor products of edges in Sp{2n) spin networks. 

3.3 Evaluation 

In this paper we haven't carried out a specific calculation for the evaluation of Osp{l\2n) 
spin networks yet. However, based on the following analysis, we would like to claim that it is 
definitely possible to do so due to the features of Osp{l\2n) superalgebra. Basically we have 
two ways to evaluate such super spin networks. One way is to decompose the super one into 
the ordinary Sp{2n) spin networks, as we argued above; the other way is given as follows. 
||15| shows that there is a one-to-one correspondence between the graded representation of 
Osp{l\2n) and the non-spinorial representations of 0{2n + 1). First, if a graded irreducible 
representation of Osp{l\2n) and a non-spinorial irreducible representation of 0{2n + 1) have 
the same highest weight, one has 

(i^m(p"^P(i|2")(ai,...,aO)=rfzm(p'«(2"+i)(ai,...,a„)). (8) 

Moreover, the multiplicity of any weight is the same for both representations. As a direct 
application of the argument, consider the tensor products of both irreducible representations 
having the same highest weights, then we can see the Clebsch-Gordan (CG) series coincide. 
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in particular, since the tensor products are completely reducible, their CG series can be 
obtained by counting the multiplicities of their weights. 

So far, the one-to-one correspondence also give us an alternative practical way to evaluate 
the Osp{l\2n) spin networks by studying the 0{2n + 1) spin networks, which should be easy 
to carry out at first. 

In the last part of this section, we conjecture some examples that could be worked out 
in the future. One is the closure of any edge, namely, the supertrace of the unit element of 
supergroup Osp{l\2n) in such finite irreducible representation. Note that the supertrace of 
supergroups is defined as 

Str{U'^) ■= Tr{A) - Tr{D), (9) 

where we suppose the matrix representation of the supergroup has a structure. 




This can be done by calculating the dimensions of the Lie algebra 0(2n+l) shown in fig.(|T 

oc^dim((H>-(< ) 

Figure 13: Closure of the edges 

We find the closure of the edge is non-zero number. Thus we could expect the identity 
drawn in fig.([T^) is evident. They would also be applied to the non-perturbative quanti- 
zation of eleven dimensional supergravity when we consider the actions of the operators. 
For instance, if we consider the quadratic Casimir operators and their eigenvalues^. In loop 
quantum gravity, this kind of operators is related to the area observable. 

Ck{A) = ^^{A\A + 2p). (11) 



^ There are higher-order Casimir Operators in Osp{l\2n). 

15 




Figure 14: Identity 



where (|) is defined as the inner product of the weights and p is defined as, 



p = Ui +UJ2--- + '^n- 



(12) 



The supertrace not being zero has more important meaning when we define super spin 
network states and form the Hilbert space. This good feature will allow us to define gen- 
eralized "Ashtekar-Lewandowski" {AL) measure on the space, moreover, to show the spin 
networks states form a basis of the space. 



3.4 Hilbert Space 

In this part we begin with the integration theory on supergroup manifold, and then apply 
it to spin network states. 

Given a manifold M, we define a Lie superalgebra Osp{l\2n) valued connection 1-form 
A. For instance, in eleven dimensional space time, we can define the Osp(l|32) connection 
as follows, 

A =■ A^{x)dx^' = Al{x)Padx^' + Af{x)Jabdx^ + Al'-'''^{x)Za,...a,dx^ + ^l{x)Q^dx^, (13) 

where x = (xq, ...,a;io) are local coordinates on M, and p is space time index and a,b 
are internal indices, a is spinor index. Pa, Jab, Zaj^,„a5, and Qa are Osp{l\2n) generators 
while Jab and Za^...ag are skew symmetric. In (p!3|) we can think of all the components of 
connection A as the smooth function on the manifold M. Let us denote the space of smooth 
connections on M as A, then we define the space of continuous functionals on A as Fun{A). 
Now based on the linear vector space, we want to define a Hilbert space, C^{A), namely we 
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need introduce some inner product of the quantum states which are the element in Fun{A), 
and then consider the completion of Fun{A). In loop quantum gravity, we carry out all 
the procedures by introducing a special kind of functions of the connection, which is called 
cylindrical functions. They are defined as the functions of holonomies of the connection. 
Therefore they are functions of group manifold as well. Then the inner products can be 
defined by means of taking the integration on the group manifold, as we know, a unique, 
both left- and right-invariant measure can be defined on it. 

Now we extend all the construction mentioned above to the supersymmetric case of 
Osp{l\2n). First note the super loop variables can be defined by means of the holonomy of 



super connections A, for details we refer to |T9|. 



U[A,^]{s) := Vexp / ds^A^i^is)). (14) 

Note that U is an element of supergroups Osp{l\2n). The loop states can be defined as 

^^{A) := StrU[A,-f], (15) 

where 7 is a loop in space time manifold with 7(0) = 7(1). Though the holonomy is not 
gauge invariant, but their supertrace is gauge invariant indeed. 

It's well known that there is a probability measure, Haar measure, for the compact 
Lie groups such that we could define a unique normalized both left- and right-invariant 
integration, namely, 

J dg=l, J dgf{g) = J dgfigoggi) = J dgf{g'^), (16) 

where go,gi are any group elements and f{g) is also an arbitrary function of g. The gener- 
alization of Haar integral for Lie supergroups was discussed in |2^ . We refer to that paper 
for more details on the integration theory on supermanifold. Here we point out that in 
particular case of Osp{l\2n), we can also define a generalized Haar measure on the space 
of functions on supergroup which are both left- and right-invariant^. Therefore it's possible 
to develop a positive integration theory on the space of connection, A. Here we define the 



^This is also true for all the semisimple Lie supergroups ||20|, however maybe it does not hold for other 
supergroups. 
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generalized Haar measure on supergroup Osp{l\2n) as: 

fdg=l, f glpg = 0,py^O. (17) 

Next we consider the definition of inner product of spin network states. Associate to 
every spin network, we can define a corresponding spin network state in the Hilbert space. 
To show that the set of spin network states does form a basis for the state space in the case 
of Osp{l\2n), we carry out the following procedures. In spin networks we know a connection 
is simply to assign a group element, f/g to each edge of the graph e by taking the holonomy 
of the connection A in the irreducible presentation p^ along the edge. In hence, the space of 
connections in context of spin networks is 

A = ^G'% (18) 

which is the finite product of group G and the measure is defined as 

VA = (S)dUe,. (19) 

We call this measure the generalized Ashtekar-Lewandowski measure. Now we could define 
the inner product of two spin network states by means of cylindrical functions. 

Consider a spin networks r(ej,fj), we define the cylindrical functions, <l>/p, which only 
depend on the holonomies of the connection A. Using the generalized Haar measure on [G]"'. 
we then define the scalar product of two cylindrical functions as, 

(<I>;,|<I>,,) := / dU,...dUJr{Ui,...,U,)gr{U,,-,Ui). (20) 

The Hilbert space on which pi is defined can be denoted as Tip^ . Hence the total Hilbert 
space associated to the spin networks can be defined as the tensor product of these spaces, 

H = (g)H"^=(g)((g)Kj"^ (21) 

Vj Vj ei 

where e, are edges meeting at the same vertex Vj. In case of Osp{l\2n), since any products 
of finite dimensional irreducible representations are completely reducible, namely, 

Pl<S)■■■<S)P^ = ®^'PJ (22) 



correspondingly we find the tensor products of tlie Hilbert spaces can be decomposed into 
tlie direct sum of Hilbert spaces on which the irreducible representation of Osp{l\2n) are 
defined, 

K.(g)...(g)He, =0/^^Hp,. (23) 

Pj 
Furthermore we can decompose the Hilbert space as the direct sum of the functions on 

all the irreducible representations and its conjugate: 

^\A/g) = ^v,(S)v;. (24) 

Next to show that the spin network states are orthogonal and linear independent, we 
exploit th generalized Peter- Weyl theorem: 

Theorem: let p be the irreducible representation of Osp{l\2n) with the highest weights 
p\ and let f/^^, a, (3 = 1, 2, ...di{di = dimp"^), be the matrix element of p\ then: 

1. 

Fun{A) =00 K^, (25) 

i a,l3=l 

2. 

Ul,LfU-ir-'-^ = ^.-A^^^, (26) 

U'„^UU-ir ^ S,J,^. (27) 

iFTom the formula above, we note that the non-zero supertrace plays an important role. 
However for the supergroups whose supertrace vanishes, then we would maybe have some 
trouble to find the generalized Peter- Weyl theorem. 

Now making use of equations ( p6|) and (|27| ) in the generalized Peter- Weyl theorem, and 
following the procedures in [Q, it's straightforward to show the Osp{l\2n) spin states are 
orthogonal, 

(P, e\ Vj\T', e*', Vj>) = 6rr'Sii'6jj'. (28) 

At the same time, using the equation (p5[) we can show the set of spin network states is 
completed such that any state in the Hilbert space can be expressed into the sum of the 
Osp{l\2n) spin network states, 

|<i>) = Ec.|r.). (29) 

i 
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Therefore the spin network states do form a basis for the Hilbert space C'^{A/Q). 

Finally we point out that in the case of quantum deformed superalgebra, we could also 
construct the q-deformed spin networks and the corresponding spin network states, which 
will have important application when we study the casual evolution of the spin networks 
and supersymmetric spin foams. In the q-deformed case, the ordinary sum of two superspins 
Ji + J2 can not give a third superspin any more when q is not equal to one. The notion of 
co-product has to be introduced. The generalized Peter- Weyl theorem for Uq{osp{l\2n)) is 
given in [^ . 

In the class of Osp{l\2n) spin networks, we are particularly interested in the case of 
n = 16, namely Osp{l\32), since this superalgebra is related to the eleven dimensional 
supergravity [|22|, ^ |^ and M theory p5[. As we know, in eleven dimensional supergravity, 
the Superpoincare algebra with two and five form central charges are obtained by taking 
a Inonu-Wigner contraction of Osp{l\32). This superalgebra has many facets in different 
dimensions which is studied in |^. As a result, we expect the Osp{l\32) spin networks 
will take its own advantages when we try to carry out a background independent and non- 
perturbative quantization of the eleven dimensional supergravity, and M theory. 

4 Osp(N\2) spin networks 

In previous section we have described Osp{l\2n) spin networks following the proposal we give 
in overview. In this section we will discuss Osp{N\2) spin networks briefly. We are interested 
in this kind of spin networks because they are related to the chiral supergravitiesp7| . But in 
this class the case of A^ = 2 is different from the others since the even part of this superalgebra 
is 5*0 (2) X Sp{2) such that the first number ai of Dynkin labels can be any complex number, 
however for the others it has to be non-negative integer. Its construction and application to 
supergravity are studies in |ll|, ^ . Here we consider the general case when A^ is larger than 



two. 

The basis vectors of the fundamental representation oiOsp{N\2) span a A^-|-2 dimensional 
vector space. Similar to the case of Osp{l\2n), its higher finite dimensional irreducible repre- 
sentations can be obtained by standard symmetrization and anti-symmetrization procedures 
on fundamental representation. Therefore, in context of spin networks, we can decompose 
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the edge into ropes. 

In fact any representation of basic Lie superalgebra can be decomposed into the direct 
sum of irreducible representations of the even subalgebra, which means any edge in super 
spin networks can be decomposed into sum of normal edges which labeled by the irreducible 
representations of the even subalgebra. In case oiOsp{N\2), we can decompose the Osp{N\2) 
spin networks into the direct sum of the ordinary spin networks with SO{N) Sp{2). In 
particular, if only the symmetrization procedures are considered, we have simple decompo- 
sitions. Fig. (p!5|) illustrates the basic one which has the color (2,0,...,0). Since the SO{N) 



a p 



A' B' 



A a 



[a b' 



CZl'=>i 



Czi© 



(a p) 



©c 



~ •; > 



[A fl] [a b] 



Figure 15: Symmetrizer with color two 

indices are antisymmetrized, the decomposition of the graphs terminate at the term which 
contains A^ dotted lines, see fig.(p^). 

a,ii.'--g AiA,---A, A,A:---A,_iu A,A,--A,_^ [(!,'■■■«/] 



I=ZP=>< t±®[Z=J] 



•©[ 



,:•> 



A,A,--A,_ia,---a,] 



Figure 16: Symmetrizer with color (z, 0, ...,0) 

However, unlike the case of Osp{l\2n), some questions arise in Osp{N\2) case as we try 
to construct the Hilbert space based on spin network states. As we mentioned before, both 
typical and atypical representations are present for other superalgebras except Osp{l\2n). 
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The key difference of tliese two types of representations is tliat all the typical representation is 
either irreducible or completely reducible, however, the atypical one maybe is not completely 
reducible (i.e., reducible but not decomposable). In group theory, there is a simple meaning 
of complete reducibility, namely the representation space should be a Hilbert space and the 
representation should be unitary. Correspondingly in context of spin networks we will meet 
some serious problems to show the corresponding spin net work states form a basis for the 
Hilbert space. In this case, we don't know there exists some kinds of generalized Peter- Weyl 
theorem, though the left-invariant Haar integral for such supergroups are also discussed in 
20| . But Let us note there are some classes, which are called star representations and graded 



star representations in irreducible representations of the superalgebras|14, 29|. Inside each 
class the complete reducibility is reserved indeed and the CG series can be given also. Thus, 
spanning spin network states in such subspaces, we still expect they could be well defined to 
form a basis for such Hilbert spaces. Note that in quantum gravity, only the physical Hilbert 
space is what we want finally. So it's quite interesting to find some self-consistent subset of 
spin networks which are well defined and investigate the possible applications to quantum 
theory. 

In the end of this section, let us make a summation by listing the correspondence between 
the construction of spin networks and the representation theory of the superalgebra. 



Spin networks 


Representation theory of superalgebra 


Edges 


Irreducible representation 


Vertex 


Intertwiner operator 


Ropes 


Fundamental representations 


Admissible conditions 


Clebsch-Gordan series 


Closure of edges 


Supertrace of the unit element 


Spin network states 


Cylindrical functions 


Inner product of spin network states 


Generahzed Haar measure 


Orthogonality and linear independence of states 


Generalized Peter- Weyl theorem 



5 Discussions 

In this paper we have presented a general introduction to the construction of supersymmetric 
spin networks. All the strategy in ordinary SU{2) spin networks can be employed to the case 
of Osp{l\2n) spin networks. In particular the spin network states form a basis for the Hilbert 
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space C^{A/Q). But normally it's becoming more complicated to carry out a practical way to 
evaluate the spin network graphs, as in general both symmetrization and antisymmetrization 
procedures are involved in higher finite dimensional irreducible representations. However, 
it's definitely plausible to give a specific calculation on evaluation of graphs in the future 
by following strategies given in present paper. On the other hand, due to the properties 
of the superalgebra, it's unclear if we could construct spin network states as the basis of 
Hilbert space based on any kind of superalgebra. Here we only discussed the Osp{N\2) spin 
networks briefiy and found this problem should be concerned seriously. 

To apply spin-network techniques to quantum supergravities and Yang-Mills theory is 
very promising and important. At root they are powerful tools to quantize gauge theories 
along the non-perturbative and background independent approach. 

First we expect the corresponding spin network states would be applied to construct the 

Hilbert space of quantum supergravities. In this framework we could find a practical way 

to consider the action of the operators, and calculate the spectra of the observables. In 

10| , we have made a first step to calculate the spectrum of area operator in A^ = 1 Chiral 



supergravity, and the extension to the case of A^ = 2 is also done in |TT 



Second we propose the holographic hypothesis [^, |^ can be testified in the framework 
of non-perturbative quantum supergravities. This conjecture has been testifies in N=l and 
N=2 supergravity respectively I^H], |3^. It is the supersymmetric spin networks that make 
it possible to count the number of degrees of freedom on the boundary such that we find 
the relations between the area of the boundary and the number of the states do satisfy 
Bekenstein's conditions. 

Until now we only take into account for the finite dimensional representation of the 
superalgebra. It is worth studying what role the spin networks will play if we consider the 
infinite dimensional representation of the superalgebra. 
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